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Abstract
We construct classical rotating solutions of Non-relativistic String Theory. The relation among
the energy and angular momenta for these solutions is of the type E = J2. Some of the solutions
saturate a BPS bound for the energy, they are 14 BPS supersymmetric configurations.
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1 Introduction
Non-relativistic strings (NR ) in flat transverse space with a non-trivial spectrum were intro-
duced in [1][2], in the static gauge they become free theories [3]. The actions of NR strings
and branes can be constructed as Wess-Zumino terms [4] of the underlying Galilei groups
using the method of non-linear realizations for space-time groups [5] [6].
NR superstring theories in flat transverse space were recently analyzed in [7]. The action
was obtained by performing a suitable non relativistic limit of Green-Schwarz type IIA string.
These NR superstring theories have gauge diffeomorphism and kappa symmetry.
We hope the study of NR string theory could be usefull to find a new sector of the theory
where the AdS/CFT correspondence can be tested.
In this paper we consider NR bosonic string in a curved transverse space in terms of a
Polyakov type action. In the static gauge case, we derive a BPS bound for the energy. This
theory is conformal at quantum level if the transverse metric is Ricci flat.
We study rotating solutions of the classical equations of motion for the flat case and
for the singular conifold [8]. For the case of the conifold the solutions we found have three
angular momenta. The relation among the energy and angular momenta is of non-relativistic
type E ∼ J2 where J represents the angular momenta.
We also analyze the supersymmetric properties of the bosonic solutions we have found
by studying the conditions imposed by the kappa symmetry and supersymmetry of the NR
superstring [7].
The organization of the paper is as follows. In section 2 we introduce Polyakov form NR
string and derive a BPS bound for the energy. In section 3 we find rotating solutions of NR
string in flat space time. In section 4 we consider solutions in the case of a singular conifold.
In section 5 we study the supersymmetric properties of our solutions. We also give some
conclusions in section 6.
2 Non-relativistic strings in transverse curved back-
grounds and BPS bound
We study a non-relativistic string in a d-dimensional space-time, with coordinates xµ, µ =
0, 1, along the string and transverse coordinates Xa, a = 2, . . . , d − 1. The d-dimensional
metric is
gMN =
(
ηµν 0
0 Gab(X
a)
)
. (2.1)
The ηµν is the 2-dimensional Minkowski metric with signature (−,+) and Gab(Xa) is a metric
on some (d− 2)-dimensional Riemannian manifold M.
The action of NR string is given by
S = −1
2
T
∫
d2σ
√
− det g gij∂iXa∂jXbGab (2.2)
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where gij is the inverse of the two dimensional metric
gij = ∂ix
µ∂jx
νηµν , (2.3)
the worldsheet coordinates are τ and σ, σi = (τ, σ), i = 1, 2.
The action is invariant under 2d diffeomorphism of the world sheet. In order to have a
consistent non relativistic string theory at quantum level we have to consider the coordinate
x1 toroidally compactified [1][2], i.e.:
x1 ∽ x1 + 2πR. (2.4)
We now analyze the dynamics of non relativistic strings at classical level by using the
Hamiltonian formalism. Let us indicate by pµ the canonical momenta associated to the
longitudinal coordinates xµ and Pa the transverse momenta. As a consequence of the gauge
symmetry of the action (2.2), the canonical variables satisfy the following two primary first
class constraints:
V0 = pµ ε
µρηρν x
′ν +
1
2
(
PaPb
T
Gab(X) +X ′aX ′bTGab(X)
)
∼ 0, (2.5)
V1 = pµx
′µ + PaX
′a ∼ 0. (2.6)
The Dirac hamiltonian is:
HD =
∫
dσ [λ0V0 + λ1V1] (2.7)
where λ0, λ1 are arbitrary functions of the world sheet coordinates σ
i.
If we write these arbitrary functions in terms of an auxiliary two dimensional metric
γij, λ0 =
√−γ
γ11
, λ1 =
γ01
γ11
we will find a gauge invariant Polyakov’s formulation of this non-
relativistic string. In fact if we consider the first order action
S˜P =
∫
d2σ
[
pµx˙
µ + PaX˙
a
]
−
∫
dτHD (2.8)
and we eliminated the momenta Pa we get
SP =
∫
d2σ
[
− T
2
√−γγij∂iXa∂jXbGab + pµ(x˙µ −
√−γ
γ11
εµρ ηρν x
′ν − γ01
γ11
x′µ)
]
. (2.9)
This action is invariant under 2d diffeomorphism1
δxµ = ξk∂kx
µ (2.10)
δpµ = ∂k(ξ
kpµ) + pµ(−ξ˙0 + ξ′0γ01
γ11
) + pνενµξ
′0
√−γ
γ11
(2.11)
δXa = ξk∂kX
a (2.12)
δγij = Lξγij (2.13)
1We acknowledge Kiyoshi Kamimura for useful discussions on this point.
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where Lξ is the Lie derivative along ξ. The action is also invariant under gauge Weyl
transformations of the auxiliary metric γij.
If we choose the conformal gauge
√−γγij = ηij, the action becomes
SP =
∫
d2σ
[
−T
2
ηij∂iX
a∂jX
bGab + pµ(x˙
µ − εµρ ηρν x′ν)
]
. (2.14)
The equations of motion in the conformal gauge are
0 = ηij∂i∂jX
a + Γabcη
ij∂iX
b∂jX
c (2.15)
0 = x˙µ − εµρ ηρν x′ν (2.16)
0 = p˙µ − ενρ ηρµ p′ν (2.17)
where Γabc are the Christoffel symbols of the metric Gab. From (2.16) we deduce that the
longitudinal coordinates verify the relations x˙x′ = 0 and x˙2 + x′2 = 0.
The boundary conditions are the same as the ones considered for the flat space case [3],
i.e. for a closed string
xµ(τ, σ + 2π) = xµ(τ, σ) + 2πnRδα1 X
a(τ, σ + 2π) = Xa(τ, σ) (2.18)
where n ∈ Z is the winding number of the string.
For an open string
x′0|σ=pi = x′0|σ=0 = 0 x1(σ = 0) = 0 x1(σ = π) = 2πnR
X ′aN |σ=pi = X ′aN |σ=0 = 0 X˙bD|σ=pi = X˙bD|σ=0 = 0, (2.19)
also in this case n ∈ Z .
If we introduce the coordinates γ = X0 + X1, γ¯ = X0 − X1, β = p0 + p1, β¯ = p0 − p1
the first order part of the action (2.14) is the conformal (2,2) βγ system introduced in [1].
Therefore our NR string will be conformal invariant at quantum level if the metric Gab is
Ricci flat [9] and the spacetime dimension is 26 [1] like for the ordinary bosonic relativistic
string.
To solve the classical equations of motion is convenient to work in the static gauge. We
fix this gauge by imposing two gauge fixing constraints:
Φ0 ≡ x0 −Kτ = 0 Φ1 ≡ x1 −Kσ = 0 (2.20)
where K is a constant. These constraints make the constraints (2.5) (2.6) second class, they
are stationary if λ0 = 1, λ1 = 0. Therefore the static gauge is included in the conformal
gauge. In the static gauge the transverse degrees of freedom, (Xa, Pa), are the independent
degrees of freedom of the NR string. The dynamics is given by (2.15).
The momenta P1 along the string, in the static gauge, using the constraints (2.6) is given
by
P1 = − 1
K
∫
dσ
(
PaX
′a) (2.21)
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and the energy is
E =
1
K
∫
dσ
(
(P )2
2T
+
T (X ′)2
2
)
(2.22)
where we have used the constraint (2.5). Note that the energy can be written as
E =
∫
dσ
(P a ± TX ′a)2
2TK
±P1 =
∫
dσ
T (X˙a ±X ′a)2
2K
± P1. (2.23)
Therefore P1 is the BPS bound
E ≥ ±P1 ≥ 0, (2.24)
the bound is saturated by the BPS configurations
X˙a ±X ′a = 0. (2.25)
The configurations that satisfy the BPS equation (2.25) verify also the second order equations
of motion (2.15).
3 Classical Solutions for NR strings in flat space time
We now analyze non relativistic strings in flat transverse space, i.e. we consider Gab(X
a) =
δab. The equations of motion (2.15) simplify to:
X¨a = X ′′a. (3.1)
Here we are interested in solutions of (3.1) describing rotating strings, i.e. solutions with
angular momentum different from zero. The component of the angular momentum perpen-
dicular to the Xa −Xb plane is:
Jab =
∫
dσ
(
XaP b −XbP a) . (3.2)
3.1 Closed Strings
We now consider solutions of the equations (3.1) satisfying boundary conditions for closed
strings (2.18). To satisfy the boundary conditions for the longitudinal coordinates we have
to fix K = nR in the static gauge constraints (2.20).
The simplest solution describing a rotating closed string is:
x0 = nRτ X2 = A sin(ωσ) sin (ωτ)
x1 = nRσ X3 = A sin(ωσ) cos (ωτ) (3.3)
where ω ∈ Z and A is a dimensional constant, [A] = L; these conventions are valid also
for the following solutions. The (3.3) describes a circular string with angular momentum
4
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Figure 1: String described by solution (3.3) when ω = 1
perpendicular to the X2 − X3 plane (figure 1). The velocity modulus of the points of the
string is:
v2 =
(
∂X2
∂x0
)2
+
(
∂X3
∂x0
)2
=
(
ωA
nR
)2
(sin(ωσ))2 vmax =
Aω
nR
. (3.4)
Like for the relativistic case the turning points are the faster points, but in this case the
maximum velocity is not limited by the velocity of light, which in natural units is v = 1.
This is a typical feature of non relativistic theory. By using (2.22) and (3.2) we find:
E =
J2
TA2πnR
. (3.5)
Interpreting 1
2
TA2πnR like the inertial momentum of the string respect to the rotation axis,
the (3.5) is the dispersion relation for a classical rotating system.
The momentum along the string P1 vanishes for this configuration. Since the energy of
this configuration (3.5) is different from zero this configuration does not saturate the bound
of the energy (2.24) and therefore we expect it will be non-supersymmetric if we embed this
NR string in a supersymmetric theory.
A generalization of this solution with more than two spikes in the transverse space is
given by
x0 = nRτ X2 = B (cos((z − 1)(τ + σ)) + (z − 1) cos(τ − σ))
x1 = nRσ X3 = B (sin((z − 1)(τ + σ)) + (z − 1) sin(τ − σ)) , (3.6)
where z is an integer and corresponds to the number of spikes of the strings. When z = 2,
we recover the solution (3.3) with A = 2B and ω = 1. These solutions are the NR version
of the solutions studied in [11].
The spikes are the fastest point of the strings, the modulus of their velocity is
v =
2B(z − 1)
nR
(3.7)
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i.e. a non-limited quantity. Using (2.22) and (3.2) we find:
E =
J2
TB2πnRz2
. (3.8)
The inertial momentum 1
2
TB2πnRz2 is proportional to the square of the number of spikes.
This is in agreement with the fact that increasing the number of spikes, the string is on
average more distant from the rotational axis. For these solutions also P1 = 0 and the BPS
bound is not saturated.
We now analyze a solution describing a string that is moving in a s-dimensional sphere
embedded in the transverse space. The transverse part is described by a (s+1)-dimensional
vector of solutions [10]:
−→
X (τ, σ) = D(τ)−→m(σ) (3.9)
where:
−→m(σ) = (A1 sin(ω1σ), A1 cos(ω1σ), A2 sin(ω2σ), A2 cos(ω2σ), . . .) (3.10)
D(τ) =


sin (ω1τ) cos (ω1τ) 0 0 . . .
cos (ω1τ) − sin (ω1τ) 0 0 . . .
0 0 sin (ω2τ) cos (ω2τ) . . .
0 0 cos (ω2τ) − sin (ω2τ) . . .
...
...
...
...
. . .


. (3.11)
This solution verify the BPS equation (2.25), ~˙X+ ~X ′ = 0, and therefore satisfy the equations
of motion (3.1) with the boundary conditions (2.18). This solution describe a string on a
s-dimensional sphere since
−→
X (τ, σ)2 = constant. (3.12)
The simplest solution of this kind, considering also the longitudinal part, is:
x0 = nRτ X2 = A (sin(ωσ) sin (ωτ) + cos(ωσ) cos (ωτ))
x1 = nRσ X3 = A (− cos(ωσ) sin (ωτ) + sin(ωσ) cos (ωτ)) . (3.13)
The solution (3.13) describes a circular string with angular momentum perpendicular to the
plane X2-X3, (figure 2). The velocity modulus is the same for all the points of the string:
v =
Aω
nR
, (3.14)
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Figure 2: String described by solution (3.13) when ω = 1
also in this case there is not a limit for the velocity. From (2.22) and (3.2) we have:
E =
J2
2TA2πnR
. (3.15)
For this solution the inertial momentum is TA2πnR and is bigger than that one of the
solution (3.3). This is in agreement with the classical intuition because now the string is on
an average more distant from the rotation axis.
For this solution the momenta along the string is given by
P1 = J
2
2TA2πnR
(3.16)
and coincides with the energy of the solution because this configuration verifies the BPS
equation and therefore it saturates the BPS bound. We will see that this configuration is 1
4
BPS supersymmetric when we embed the bosonic NR string in the NR superstring [7].
Relativistic closed string on spheres with all points moving at the same velocity in mod-
ulus, was considered in [10] . They have at least two component of the angular momentum
different from zero. However they are different of our NR solutions among other things
because they are not supersymmetric.
3.2 Open strings
We now turn to open strings, i.e. solutions of the equations (3.1) satisfying boundary
conditions (2.19). To satisfy the boundary conditions for the longitudinal coordinates we
have to fix K = 2nR in the static gauge constraints (2.20). We consider a solution with all
transverse coordinates satisfying Neumann boundary conditions:
x0 = 2nRτ X2 = A cos(ωσ) sin (ωτ)
x1 = 2nRσ X3 = A cos(ωσ) cos (ωτ) . (3.17)
This is an open string with angular momentum perpendicular to the X2 −X3 plane (figure
3). The string extrema are the faster points and also in this case the velocity modulus
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Figure 3: String described by solution (3.17) when ω = 1
vmax =
Aω
2nR
in not limited. The relation between energy and angular momentum is
E =
J2
TA2πnR
, (3.18)
i.e. the same relation that we have obtained for the first kind of closed string. For relativistic
strings there are different energy-angular momentum relations for open and closed strings.
4 Classical Solutions for NR strings in curved space
time
We now analyze the dynamics of strings propagating in a curved transverse space. Since the
transverse metric should be Ricci flat in order to have a consistent NR string at quantum
level, here we consider the case of a singular conifold with metric ds2 = dr2 + r2ds2T 1,1 . The
T 1,1 is the conifold base, i.e. the 5-dimensional space T 1,1[8],
ds2(T 1,1) =
=
(
1
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
1
6
(dθ21 + sin
2 θ1dφ
2
1 + dθ
2
1 + sin
2 θ2dφ
2
2)
)
(4.1)
where the coordinates Xa are renamed r, ψ, φ1, φ2, θ1, θ2. This metric does not depend
on ψ, φ1, φ2 and the action is invariant under translations of these angles. The conserved
quantities associated to these symmetries are the angular momenta:
Ji =
∫ 2pi
0
dσPaˆ = T
∫ 2pi
0
dσ
˙
X bˆG
(T 1,1)
aˆbˆ
aˆ, bˆ = 1, 2, 3
(X1 = ψ X2 = φ1 X
3 = φ2) (4.2)
We now consider solutions of the equations of motion (2.15) describing closed strings, i.e.
solutions satisfying the boundary conditions (2.18).
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4.1 Point like strings
We write three different solutions describing strings that in the transverse space are point par-
ticle periodically moving. Considering also the longitudinal part, these are circular extended
strings. For these solutions the energy is obtained by (2.22) and the angular momentum by
(4.2). All of them have r = C, where C is a constant:
• One τ -dependent transverse coordinate:
x0 = nRτ x1 = nRσ ψ = νnRτ φ1 = φ2 = θ1 = θ2 = 0 (4.3)
Jψ = Jφ1 = Jφ2 = TnR2πν
C2
9
E = nRTπν2
C2
9
(4.4)
• Two τ -dependent transverse coordinates:
x0 = nRτ x1 = nRσ ψ = φ1 = νnRτ θ1 = θ2 = φ2 = 0 (4.5)
Jψ = Jφ1 = Jφ2 = TnR2πν
2
9
C2 E = nRTπν2
4
9
C2 (4.6)
• Three τ -dependent transverse coordinates:
x0 = nRτ x1 = nRσ ψ = φ1 = φ2 = νnRτ θ1 = θ2 = 0 (4.7)
Jψ = Jφ1 = Jφ2 = TnR2πν
C2
3
E = nRTπν2C2 (4.8)
For the three point like solutions, the relation between energy and angular momentum
is the same, i.e.:
E = 3
J2ψ
4πnRTC2
+ 3
J2φ1
4πnRTC2
+ 3
J2φ2
4πnRTC2
. (4.9)
For all these point like solutions the momenta P1 = 0.
4.2 Extended string
We now consider a string that is extended also in the transverse space and like (3.13) is
moving along its own extension:
x0 = nRτ x1 = nRσ φ1 = νnRτ − ωσ ψ = φ2 = θ1 = θ2 = 0 (4.10)
where ω ∈ N. This is a closed string because φ1 ∈ (0, 2π).
¿From (4.2) we obtain:
Jψ = Jφ1 = Jφ2 = TnR2πν
C2
9
. (4.11)
9
Using (2.22) we have:
E = nRTπν2
C2
9
+ π
C2
9
T
nR
ω2 (4.12)
and finally we find
E = 3
J2ψ
4πnRTC2
+ 3
J2φ1
4πnRTC2
+ 3
J2φ2
4πnRTC2
+ π
C2
9
T
nR
ω2. (4.13)
For this solution
P1 = Tνω2πC
2
9
. (4.14)
The BPS equation (2.25) is satisfied when ν = ω
nR
; in fact, in this case from (4.12) and
(4.14) we have E = P1.
5 Supersymmetry properties of the solutions
In [7] it has been considered a supersymmetric extension of the bosonic string (2.2) in flat
space time. The NR superstring has diffeomorphism and kappa invariance in 10 dimensions.
The action in the static gauge and with half of the fermions set to zero has the following
form
S = −T
∫
d2σ
[
1
2
ηij∂iX · ∂jX + 2i θ+Γi∂iθ+
]
(5.1)
where θ+ is a +1 eigenspinor of Γ∗ = Γ0Γ1Γ11 with 16 components and θ¯+ is the conjugate
spinor. Note that this lagrangian is quadratic in the bosonic and fermionic variables.
The action (5.1) is invariant under the supersymmetry transformations
δθ+ = ǫ+ +
1
2
Γµ∂ix
µ∂iXaΓaǫ−, δX
a = 2iθ+Γ
aǫ− (5.2)
where ǫ+ and ǫ− are 16 components constant spinors.
The bosonic supersymmetric configurations of the action (5.1) should verify
ǫ+ = −1
2
Γµ∂ix
µ∂ixaΓaǫ−, (5.3)
with ǫ± constants spinors. When this relation is verified for some non-vanishing components
of ǫ± the configuration preserves some of the 32 supersymmetries of the action (5.1).
The vacuum configuration of the string
x0 = Kτ, x1 = Kσ, Xa = constant (5.4)
is supersymmetric if ǫ+ = 0 which implies
Γ0Γ1Γ11ǫ = ǫ. (5.5)
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Therefore the string is a 1
2
BPS configuration. Note that the vacuum solution (5.4) is a
solution of both the relativistic and NR string.
There are other possible bosonic supersymmetric configurations with non-constant trans-
verse coordinates. If we write Xa = Xa(τ, σ), we can have a solution of (5.3) if
∂τX
b = ±∂σXb, and Γ0ǫ− = ±Γ1ǫ−. (5.6)
Together with the condition ǫ+ = 0 the susy parameter ǫ should satisfy
∓ Γ0Γ1ǫ = ǫ. (5.7)
This configuration is a 1
4
BPS configuration. It represents a wave propagating, with the
velocity of light, along a string with arbitrary profile in the transverse directions.
The supersymmetric (BPS) condition (5.6) was obtained previously as a condition to
saturate the energy bound (2.24).
Now we can study the symmetry properties of the solutions we have found. The solutions
(3.3) and (3.6) are not supersymmetric because the condition (5.3) can not be verified.
Instead the solution (3.13) verifies the supersymmetry condition if the spinors verify ǫ+ = 0
and Γ0ǫ− = ±Γ1ǫ−. It is therefore a 14 BPS configuration. For the solutions in flat space
time that we have considered, we observe that if the BPS energy bound (2.24) is verified the
solution is supersymmetric.
In the case of a transverse curved manifold there is not yet a general discussion about
the supersymmetry properties of a NR superstring in these backgrounds. Therefore for
the solutions we have found in transverse curved background we make the ansatz that the
solutions that saturate the energy bound (2.24) will be supersymmetric.
6 Conclusions
In this paper we have considered NR string theory in curved transverse space. Our starting
point has been the Nambu-Goto action for NR strings in a curved transverse space (2.2).
We have then rewritten the action in a Polyakov like form (2.9) and we have derived a BPS
bound for the energy in the static gauge.
We have seen that the theory is conformal at quantum level if the transverse space is
Ricci flat. For this reason we have considered the case of a singular conifold [8].
We also have found classical rotating solutions of NR strings. The solutions have typ-
ical features of a non relativistic theory. In particular, the velocity of the strings has not
any limit (3.4),(3.7),(3.14) and the energy is proportional to squared angular momentum
(3.5),(3.8),(3.15),(3.18),(4.9),(4.13).
For the flat space case, the BPS equation is obtained as condition to saturate the energy
bound (2.25) or as a supersymmetry condition (5.6).
Some of the solutions are 1
4
BPS supersymmetric and represent a wave with the velocity
of light propagating along the string.
These NR string have a energy spectrum of non-relativistic theories but keep relativistic
properties along the longitudinal directions.
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